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ABSTRACT
Recently, many gravitational wave events from compact binary mergers have been detected by
LIGO.Determining the finalmass and spin of the remnant black holes (RBHs) is a fundamental
issue and is also important in astrophysics. In this paper, unifiedmodels for predicting the final
mass and spin of the RBHs from compact binary mergers is proposed. The models achieve a
good accuracy within the parameter range of interest. In addition, the rotational energy of the
RBHs is also studied which is relevant to the electromagnetic counterparts of the mergers. It
is found the distribution of the rotational energy of the RBHs from different types of mergers
of compact binary has its own characteristics, which might help identify the electromagnetic
counterparts associated with the mergers.
Key words: binaries: general - stars: black holes - gamma-ray burst: general-stars: neutron-
equation of state-methods: statistical
1 INTRODUCTION
The compact binary mergers are the most promising sources of the
gravitational waves that can be detected by LIGO. Since LIGO de-
tected the first gravitational wave event GW150914 (Abbott, et al.
2016), a total of eleven compact binary mergers were detected dur-
ing the O1 and O2 (Abbott, et al. 2019). Ten of them were bi-
nary black hole (BH) mergers. One of them was a double neu-
tron star (NS) merger, which was the first detection of a double
NS merger event (Abbott, et al. 2017). Recently, O3 is in opera-
tion, and candidates of BH-NS mergers were also detected (GCN
25324, 25695, 25814, 25876, 26350). Also, a candidate binary NS
merger event GW190425 is reported (Abbott, et al. 2020). When
NS-NS merges, such as GW170817, a stable remnant NS is pos-
sible only if the equation of state (EOS) of the NS is stiff enough
(Yu, Liu & Dai 2018; Ai, et al. 2018). And the properties of rem-
nant black holes (RBHs) from compact binary mergers which is
what the spin and mass is is a fundamental question. There are a lot
of numerical simulations in the literature that have looked at this
question, such as simulations for binary BH merger in references
Berti, et al. (2007); Jiménez-Forteza, et al. (2017), NS-BH merger
in references (Kyutoku, Shibata & Taniguchi 2010; Kyutoku, et al.
2011, 2015) and binary NS merger in references Hotokezaka, et al.
(2013); Dietrich, et al. (2015, 2017). The mass of the RBH is not
much different from the initial total mass of the system, and the
mass loss is basically a few percent. The spin of the RBH, how-
ever, is very complex and depends on the parameters of the bi-
⋆ E-mail: dengcm@ustc.edu.cn
nary, such as the mass ratio, the initial spin and the EOS of the
NS. Based on the numerical simulation results, models have been
proposed to predict the final mass and spin from the merger of bi-
nary BHs (Berti, et al. 2007; Hofmann, Barausse & Rezzolla 2016;
Husa, et al. 2016; Barausse & Rezzolla 2009; Tichy & Marronetti
2008; Rezzolla, et al. 2008a,b; Buonanno, Kidder & Lehner 2008;
Jiménez-Forteza, et al. 2017; Varma, et al. 2019). Model of pre-
dicting the final mass and spin of the RBH from the BH-NS
mergers have also been studied (Pannarale 2013). These models
can achieve good accuracy (Pannarale 2013; Jiménez-Forteza, et al.
2017; Varma, et al. 2019), but it is complex and not very convenient
to apply for astrophysical interests. For NS-NS merger, note that
Coughlin, et al. (2019) gave formulas for estimating the final mass
and spin. And such formulas are very useful for multimessenger
parameter estimation (Radice & Dai 2019; Coughlin, et al. 2019;
Krüger & Foucart 2020; Dietrich, et al. 2020). For these reasons, I
attempt to seek a unified model with good accuracy to estimate the
final mass and spin of the RBHs for compact binaries mergers.
As exciting as the first detection of a gravitational wave signal,
the electromagnetic counterparts of the GW170817 were observed,
namely the short GRB 170817A and the kilonova AT2017gfo
(Abbott, et al. 2017). In fact, when the first binary BHmerger gravi-
tationalwave eventGW150914was detected, a suspected shortGRB
counterpart was found (Connaughton, et al. 2016; Greiner, et al.
2016). Recently, a candidate optical counterpart to the binary
BH merger gravitational wave event S190521g is reported by
Graham, et al. (2020). In addition, a BH-NSmerger candidates have
also been found that it might be associated with a short gamma-ray
signal GBM-190816 (Yang, et al. 2019). With the successful detec-
© 2020 The Authors
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tion of gravitational waves and their electromagnetic counterparts,
astronomy ushered in the era of gravitational waves and multi-
messenger. The observational search and theoretical study on the
electromagnetic counterparts of gravitational waves from compact
binary coalecences is one of the most hottest topics currently. As
we known, short GRB and mergernova/kilonova are the most likely
electromagnetic counterparts for compact binary mergers (Nakar
2019). The popular central engine model for short GRB is that the
merger leaves behind a BH and accretion disk which amplifies the
magnetic fields to extract the BH’s rotational energy through the
BZ mechanism (Blandford & Znajek 1977), producing relativistic
jets that produce GRB itself and its afterglows (Kumar & Zhang
2015). In addition, the extended emission and the X-ray plateau in
short GRBs are also possibly related to the extraction of the ro-
tational energy of the RBH (Lyutikov 2013; Kisaka & Ioka 2015;
Kisaka, Ioka & Sakamoto 2017). In the case of double NS merger,
if the remnant is a BH, then the brightness and light curve of the cor-
responding mergernova will be different with when the remnant is
a massive NS (Gao, et al. 2013; Yu, Zhang & Gao 2013; Gao, et al.
2017; Ma, et al. 2018). Even for double BHs mergers, there might
also be the associated short GRBs (Perna, Lazzati & Giacomazzo
2016). And all of these are relevant to the extraction of the rotational
energy of the RBH. The rotational energy of the RBH depends on
the parameters of the binary, however, which is remained to be
studied in detail. Therefore, the second task of this paper is to sys-
tematically explore the distribution of the rotational energy of the
RBHs with different parameters .
2 MODEL FOR ESTIMATING THE MASS AND SPIN OF
THE REMNANT BH
Considering such compact stars binary, one star has a mass of m1
and the other star has a mass of m2 (m2 > m1), and M = m1 + m2.
The corresponding dimensionless spins are a1 and a2 respectively.
Here, define the mass ratio as q = m2/m1.
After the binary reaches the innermost stable orbit (ISCO), the
final plunge will occur. The dimensionless orbital angular momen-
tum of the binary at the ISCO is given by
LˆISCO = Aa
m1m2
M2
= Aaη, (1)
where η = q/(1 + q)2 and Aa is a constant. In the small mass ratio
limit and for nonspinning bodies, Aa = 2
√
3 ≃ 3.464 (Berti, et al.
2007).
If the two stars have their own spin, then the initial total di-
mensionless spin angular momentum is
χ =
a1m
2
1
+ a2m
2
2
(m1 + m2)2
=
(
a1 + a2q
2
)
(1 + q)2 . (2)
Here only the nonprocessing case is considered where the orbital
angular momentum and the spin angular momentum are parallel or
antiparallel.
In the process of merger, the angular momentum of the system
will undergo extremely complicated evolution.We hope that the spin
of the RBH can be obtained by using a simple parameterized model
instead of the complex numerical relativistic calculation. According
to equation (1) and (2), the binary system has an initial total angular
momentum, before the final plunge, J = a0M
2, where a0 = Aaη +
Ba χ, Aa and Ba are constants to be determined. In the subsequent
merger process, gravitational wave radiation will radiate away a
small part of the mass and take away a small part of the angular
momentum. In the cases of BH-NS or NS-NS mergers, after the NS
is tidally disrupted, some material will be ejected, and it also takes
away a small amount of mass and angular momentum. Then during
the merging process, the change of the total angular momentum
dJ = M2da + 2aMdM. Using a small quantity approximation, we
have ∆a = ∆J/M2 − 2a∆M/M. Then the final spin of the RBH
af = a0 + ∆a = a0(1 − 2∆M/M) + ∆J/M2 ≃ a0 + ∆J/M2, where
∆M/M ≪ 1. Motivated by the fact that ∆J/M2 ∝ ∆M/M is
established in the case of BH-BH merger (Berti, et al. 2007), we
finally obtain the approximate model for estimating the af , that is
af = Aaη + Ba χ − Ca (1 − mf) , (3)
where mf = Mf/M = (M − ∆M)/M is the dimensionless final
mass of the RBH. Ca is also a constant to be determined. Although
the above model is motivated by the case of BH-BH merger, I will
generalize it to the case containing NSs, and onewill see satisfactory
results. Next, let’s explore the model for estimating the mf .
To estimating themf , I adopt a phenomenologicalmodel. Again
for the case of non-spinning BH-BH merger, we have (1−mf) ∝ η2
(Berti, et al. 2007). On the other hand, I find that, with an increasing
χ, mf increases almost linearly. Therefore let’s adopt the following
model to estimate mf ,
mf(BH − BH) = Am + Bmη2 + Cm χ, (4)
for BH-BH merger. Am, Bm and Cm are unknown constants to be
determined. However, one would expects that Am ∼ 1, Bm and Cm
are negative values.
For BH-NS merger, the equation of state (EOS) of the NS will
play a role, because the NS may be tidally disruptied during the
merger. Hence adding a term related to the tidal deformability Λ of
the NS to the model phenomenologically, that is
mf(BH − NS) = Am + Bmη2 + Cm χ + Dm logΛ. (5)
where Am, Bm, Cm and Dm are the unknown constants to be deter-
mined.
For NS-NS merger,I find that the total mass of the binary also
play an important role according to the data. Ignoring the spin of
the NSs, one has
mf(NS − NS) = Am + Bmη2 + Cm logM + Dm log Λ˜ (6)
where Am, Bm, Cm and Dm are also the unknown constants to be
determined. Here I use the rescale tidal deformability Λ˜ for the two
NSs in the binary.
In this work, I restrict our study to non-spinning NSs due to the
numerical simulation data are based on non-spinningNSs. For a typ-
ical pulsar with rotation period PNS ∼ 10ms, the nondimensional
spin parameter aNS ∼ 0.004κ−1P−1NS,10ms, where κ is an parameter
that describes how centrally condensed the NS is, which depends
on the EOS (Lyutikov 2011). Therefore it is reasonable to assume
aNS = 0.
3 MODEL FITTING
3.1 Data Selection
For BH-BH merger, the results of numerical relativity presented
in reference Jiménez-Forteza, et al. (2017) (see its table XIV)
are adopted. 25 sets of data (q, a1, a2,mf, af ) were included in
Jiménez-Forteza, et al. (2017), where only the data with q 6 4,
−0.85 6 a1 6 0.85, −0.85 6 a2 6 0.85 and af > 0.1 are consid-
ered for the purposes of this paper. The data are fitted using equation
(3) and (4) .
MNRAS 000, 1–?? (2020)
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Table 1. The fitting parameters for the final mass models, as well as the
average absolute residual (AAE) and fractional error (FE).
Am Bm Cm Dm AAE FE
BH-BH 0.988 -0.610 -0.042 - 0.0028 0.29%
BH-NS 1.111 -1.623 -0.087 -0.029 0.0047 0.49%
NS-NS 0.530 5.069 0.608 -0.069 0.0180 1.96%
For BH-NS merger, the results of numerical relativity
when the mass of NS MNS = 1.35M⊙ from references
Kyutoku, Shibata & Taniguchi (2010); Kyutoku, et al. (2011, 2015)
are adopted. Here, we have M1 = MNS and M2 = MBH. It should
be pointed out that the general assumption in numerical simula-
tion is that aNS = 0. Then χ in the equation (3) degenerates to
aBH
0
q2/(1 + q)2 for BH-NS merger, where aBH
0
is the nondimen-
sional spin of the BH. There are a total of 77 sets of data for
different (q, aBH
0
,Λ,mf, af) which are also collected in Zappa, et al.
(2019) (see its table II), with q in the range [2, 7], aBH
0
in the
range [−0.5, 0.75], Λ in the range [142, 2327], and af in the range
[0.32,0.91]. The equation (3) and (5) used to fit the data.
For NS-NS merger, I adopt the numerical data collected in
Coughlin, et al. (2019) (table 3). And again, the assumtion aNS = 0
is adopted, hence χ = 0. There are a total of 21 sets of data for
different (q, M, Λ˜,mf, af ), with q in [1,1.75], M in [2.70,3.20] in
the unit of a solar mass, Λ˜ in [127,1106] and af in [0.544,0.828].
Similarly, equation (3) and (6) are used to fit the data.
3.2 Fitting Results
The fitting parameters are shown in table 1 for mf and in table 2 for
af , respectively. The comparison of mf and the predicted mf of the
fit, as well as the residuals are plotted in figure 1. And the plots for
af are shown in figure 2. One can see that the models for both mf
and af fit the data well overall, with small average absolute errors
for the case of BH-BH and BH-NS mergers. For NS-NSmerger, the
fitting error is larger. However, this is within the acceptable range for
astrophysical applications. And larger uniform samples for NS-NS
merger are urgently needed to extend the presented results in the
future.
From the fitting results, one sees that themodel for af does have
clear physical meaning as described in section 2. For non-spinning
binaries one has af (BH − BH) . 0.82, af (BH − NS) . 0.79 and
af (NS − NS) . 0.84. It indicates that extremely fast rotating BH
cannot be produced by the mergers of binary unless there is a
very large initial spin a1, a2 ∼ 1 and a nearly equal mass q ∼ 1.
However, according to the current observation samples, it seems
that the spins of the BHs in the merged binaries are usually very
small (Abbott, et al. 2019).
One also can understand the models for mf somewhat naive
according to the fitting results. mf is approximately equal to the
initial mass minus the mass lost due to gravitational radiation and
mass ejection i.e. mf ≈ 1−∆mrad−∆mej. This is straightforward for
the cases of BH-BH and BH-NS mergers, where Am ≈ 1 and Bm,
Cm, Dm < 0. The total mass lost is a combinational effect of the
mass ratio, initial spin, tidal deformability and maybe other factors.
However, the case of NS-NS merger is more complicated.
Table 2.The fitting parameters for the final spinmodel, as well as the average
absolute residual (AAE) and fractional error (FE).
Aa Ba Ca AAE FE
BH-BH 3.270 0.846 2.583 0.0088 1.67%
BH-NS 3.176 0.869 1.265 0.0101 1.42%
NS-NS 3.346 - 2.101 0.0275 4.23%
4 ROTATIONAL ENERGY OF THE RBH
The rotational energy Erot of a BH is determined by its spin and
mass, namely
Erot = f (af )
Mf
M⊙
c2erg = 1.8 × 1054 f (af )
Mf
M⊙
erg, (7)
where f (af) = 1 −
√
(1 +
√
1 − a2
f
)/2.
Based on the model for final mass and spin from the previous
section, one can then calculate the distribution of rotational energy
of the RBHs. For BH-BH merger, if binary BHs arise from the
evolution of isolated binary stars, the primary star will form the
more massive BH first, and the secondary star will form the less
massive BH later (Belczynski, et al. 2016). Numerical simulation
shows that the spin of the primary BH is very small, while the spin
of the secondary BH can be large (Qin, et al. 2018). Therefore, let’s
consider this situation here, where results in χ = (a1)/(1 + q)2, a1
is the spin of the secondary BH. Assume a total mass of [20, 60]
solar mass, q in [1,7] and a1 in [-1,1]. Surprisingly, the distribution
of the rotation energy is very narrow within these parameters range
which are considered, basically around 1054erg.
For binary NSs merger, let’s consider q in [1,2], M in [2.7,3.2]
and Λ˜ in [127,1106]. Interestingly, the rotational energy of the RBH
is also in a narrow range, essentially on the order of 1053erg. This is
similar to the case of BH-BHmerger but with an order of magnitude
lower rotational energy.
Figure 3 shows the distribution of the rotational energy of the
RBHs from the mergers of BH-NS in the parameter space (q, aBH
0
).
I confirm that the effect of Λ is small, and it does not affect the
result of the magnitude estimation for the rotational energy of the
RBHs, thus a rough value Λ = 600 is adopted. It can be seen that
the rotational energy in most parameter spaces is distributed in the
range [1052, 1054]erg. In the moderate parameter space, the rotation
energy is on the order of 1053erg. Even more interesting, in some
narrow parameter spaces, the rotational energy can be as small as
0, that is, merging can produce schwarzschild BHs 1. Therefore,
the distribution of the rotational energy of the RBH from BH-NS
merger can be in a wide range. This is vary different from the cases
of the BH-BH and BH-NS mergers.
It can be seen that the distribution of the rotational energy of
the RBHs produced by different types of mergers of compact binary
has its own characteristics, and the RBHs with different rotational
energy might cause their electromagnetic counterparts to be differ-
ent. Recently, LIGO detected a candidate of BH-NS coalescence
with q in the range of [2.14, 5.01] (Yang, et al. 2019). Interestingly,
there is a short gamma-ray signal that might be associated with it,
and with an energy of 1048erg (Yang, et al. 2019). Considering the
1 It should be pointed out that this depends on the extrapolation of the
model to af → 0. Although the af only covers [0.32,0.91] in the fit, we
believe that this conclusion is at least qualitatively reliable.
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energy conversion efficiency around 10−4 − 10−2, the required en-
ergy budget would be on the order of 1050 − 1052erg. Analogously
with the GRB model, assuming the source of the energy is from the
rotational energy of the RBH extracted by BZ mechanism, then the
BH-NS merger is more likely, if this GW event and the association
are real. Such a rotational energy of RBH, as seen in figure 3 , would
require the component BH have a relatively large inverse spin which
has yet to be tested by gravitational wave detection. If such mutual
verification is possible through gravitational waves detection, then
it had the potential to help identify the electromagnetic counterparts
of the merged events, especially interesting for the events without
precise localization.
5 CONCLUSION
In this paper, I develops unified models for calculating the final
mass and spin from compact binary mergers with a good accuracy,
which is convenient for the astrophysical applications. Compared
with the previous models, our models is very simple but meanwhile
the accuracy of the model is good to a certain extent. Furthermore,
I systematically studied the distribution of the rotation energy of
RBHs, which is relevant to the the electromagnetic counterparts of
the compact binary mergers. I find that the distribution of the rota-
tional energy of the RBHs produced by different types of mergers
of compact binary has its own characteristics, which might help
identify the electromagnetic counterparts of the merged events.
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Figure 1. The plots of fitting result for final mass, from left to right corresponding to the cases of BH-BH merger, BH-NS merger and NS-NS merger
respectively. The upper panel is the comparison of the data and the fitting values. The lower panel is the residuals of the fit.
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Figure 2. The plots of fitting result for final spin, from left to right corresponding to the cases of BH-BHmerger, BH-NSmerger and NS-NSmerger respectively.
The upper panel is the comparison of the data and the fitting values. The lower panel is the residuals of the fit.
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Figure 3. Contour map of the rotational energy of the RBH as function of (q, aBH
0
) for BH-NS merger, by assuming Λ = 600. It can be seen that the distribution
of the rotational energy is not monotonic in q > 4 region, and it is reasonable. Because af can change from positive through 0 to negative, however, the rotation
energy is always non-negative. The red dash line in the figure is the region where the rotational energy is ∼ 0 and af ∼ 0. Above the line af > 0, and below the
line af < 0.
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